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Shock wave refraction patterns at interfaces
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Abstract

Interactions of shock waves with gas–gas and gas–liquid interfaces (under both slow–fast and fast–slow
configurations) are studied using the recently developed Adaptive Characteristics-based Matching (aCBM)
method for capturing interfaces in compressible multi-fluid media. First, we verify our approach for the
gas–gas case; a class of problems for which a substantial body of knowledge already exists. Then, we con-
sider slow–fast, gas–liquid interfaces under weak shocks, and fast–slow, liquid–gas interfaces under strong
shocks. The very high acoustic impedance mismatch situation here creates significant numerical (simula-
tion) and experimental (visualization) difficulties, and the literature for it is meager and sporadic. Com-
pared to gas–gas interfaces we note both similarities and differences. We discuss the sources for these
differences, as well as potential implications of generalizing and embedding such results in multi-dimen-
sional simulation schemes towards improving their front-capturing performance.
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1. Introduction

When a shock wave hits a multi-material interface in compressible media it is refracted, forming
a refraction pattern. Depending on the acoustic impedances of the media, and geometry of the
interface, the angle of the attack b, and the strength of the shock (expressed by the shock Mach
number Msh in the incident medium), the incident and transmitted shocks, together with the re-
flected wave, may form either a regular (single refraction node) pattern, Fig. 1, or a variety of
irregular (complex) refraction patterns (Henderson, 1966, 1989). An irregular wave pattern results
from breakdown of the local description of an elementary wave pattern in terms of steady super-
sonic flows. Understanding the physics of such pattern formation and its effects on interface evo-
lution has long been a subject of research, using combinations of theory (von Neumann, 1943;
Whitham, 1958, 1959; Henderson, 1966; Catherasoo and Sturtevant, 1983; Schwendeman,
1988), experiments (Jahn, 1956; Abd-El-Fattah et al., 1976; Abd-El-Fattah and Henderson,
1978a,b; Haas and Sturtevant, 1987; Bourne and Field, 1992; Igra and Takayama, 2003; Takay-
ama, 1987) and numerical simulations (Grove and Menikoff, 1990; Henderson et al., 1991; Liu
et al., 2001). Such phenomena take place in numerous settings, a small sampling of which is illus-
trated in Figs. 2–5. Of current interest are numerical simulations in several areas, including inertial
confinement fusion, underwater explosions, atmospheric dissemination of chemical agents, com-
Fig. 1. Regular refraction pattern.



Fig. 2. Interface deformation and shock refraction for a fast–slow interface between air and bubble of refrigerant R22.
Numerical Schlieren from a simulation of Haas and Sturtevant�s (1987) experiment. The shock propagates from right to
left. Numerical Schlieren is computed with Eq. (2), using j = 2000 and 400 for air and R22, respectively.

Fig. 3. Shock refraction at a gas–liquid interface for a shock-induced bubble collapse problem. Mach number field
from a numerical simulation. The shock propagates from left to right.
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bustion of liquid fuels, and interaction of shock waves with bubbly media (Theofanous et al.,
2004).



Fig. 4. Anomalous reflection at a gas–liquid interface for an underwater explosion problem. Numerical simulation
(present study).

Fig. 5. Refraction patterns at a gas–liquid interface for a shock-liquid drop interaction. Numerical Schlieren is
computed with Eq. (2), using j = 105 and 500 for liquid and gas, respectively. The shock propagates from left to right.
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The earliest experimental studies of shock refractions at gas–gas interfaces are due to Jahn
(1956), while a systematic experimental investigation of irregular refraction on a gaseous interface
was carried out by Abd-El-Fattah et al. (1976) and Abd-El-Fattah and Henderson (1978a,b).
Based on the combinations of materials across the interface, the shock-interface interactions were
separated into two major groups: ‘‘slow–fast’’ and ‘‘fast–slow’’, the speeds referring to the acoustic
impedances (qc) of the materials involved, while the order is to denote the direction of propaga-
tion of the shock. Within each group, the interactions were further subdivided into sub-classes,
in terms of (i) Very Weak, (ii) Weak, (iii) Strong and (iv) Stronger incident shocks for fast–slow
interfaces (Abd-El-Fattah and Henderson, 1978a); and (i) Very Weak, (ii) Weak and (iii) Strong
incident shocks for slow–fast interfaces (Abd-El-Fattah and Henderson, 1978b). Running exper-
iments under different conditions, Abd-El-Fattah and Henderson have observed eight and four
distinct patterns for slow–fast (Abd-El-Fattah and Henderson, 1978b) and fast–slow (Abd-El-
Fattah and Henderson, 1978a) interfaces, respectively, as summarized in Table 1. The results were
depicted in regime maps, which define the domains of a particular pattern�s existence on the
(strength of the shock) � (incident shock angle of attack) plane.

Experiments with gas–liquid interfaces are very difficult, and those few that exist are of rather
limited scope. For the slow–fast case we have Takayama and co-authors who employed double-
exposure holographic interferometry to visualize shock interaction with planar (Takayama, 1987)
and cylindrical (Igra and Takayama, 2003) gas–liquid (slow–fast) interfaces. In the planar geo-
metry they observed a sequence of three refraction patterns that can be recognized (see Table
2) as RRR, FPR, and FNR, in the Abd-El-Fattah and Henderson (1978b) classification scheme
Table 1
Refraction pattern sequences in gas–gas systems according to the experiments of (Abd-El-Fattah et al. (1976), Abd-El-
Fattah and Henderson (1978a) and Abd-El-Fattah and Henderson, 1978b). All patterns could be reproduced in our
simulations. Those shown in bold were numerically simulated for the first time in the present paper



Table 2
Listing of known refraction pattern sequences for gas–liquid systems. In the slow–fast case, the patterns are based on
our interpretation of Takayama�s experimental images (Takayama, 1987). The definitions are in line with those for gas–
gas systems. All these patterns were simulated for the first time in this work. For the fast–slow case, the patterns shown
are predictions based on our numerical results and those of Grove and Menikoff (1990)
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(note that the BPR is missing). In the cylindrical geometry the focus was on observing the pro-
cesses of interface deformation, displacements and accelerations. For the fast–slow case we have
Bourne and Field (1992) who employed high-speed photography to visualize shock-induced bub-
ble collapse in a neatly conceived 2D geometry. The focus here was on hypervelocity jet forma-
tion, impact on opposite boundaries, and associated light emission.

The main theoretical development is based on the exact analysis by von Neumann (1943) for
single node (regular) refraction, which in fact predated even Jahn�s (1956) experiments. The more
directly applicable (to interpretation of experiments) generalized von Neumann theory, and the
approximate one by Whitham (1958, 1959), followed soon thereafter. Whitham attempts to go
beyond regular refractions, and several subsequent extensions (Catherasoo and Sturtevant,
1983; Schwendeman, 1988) were shown to fall short of an adequate description of the reflected
wave, as needed for yielding the full refraction pattern spectrum. Nearly 30 years later the subject
began to yield to direct numerical simulations.

Henderson et al. (1991) employed an unsteady, two-dimensional, second-order-accurate finite-
difference Godunov-based method for perfect gases, using Colella et al. (1989) front-capturing,
volume-of-fluid-based method for description of the interface. They considered shock refraction
at an initially flat, slow–fast, gas–gas interface (see Table 1), and the results were found to be con-
sistent with Abd-El-Fattah and Henderson�s (1978b) experiments. Grove and Menikoff (1990)
considered fast–slow, liquid–gas interfaces and studied ‘‘anomalous reflection’’, a ‘‘pattern’’ very
similar to Abd-El-Fattah and Henderson�s CFR(ARE), in shock-induced bubble collapse and
underwater explosion problems. This work was based on a front-tracking method developed by
Chern et al. (1985). Lastly, we have Liu et al. (2001), whose aim was to generally demonstrate
capabilities of their level-set-based method, to capture interfaces. They presented results for
shock-induced bubble collapse and underwater explosion problems, both in the fast–slow config-
uration. We could not find numerical studies of shock interactions with slow–fast, gas–liquid
interfaces.

Besides an interest in completing the picture (see Tables 1 and 2) and in developing a deeper and
more comprehensive understanding of the physics involved, the present work is motivated by a
broader view of refraction as a canonical problem in compressible multi-hydrodynamics. Specif-
ically, our ultimate objective is to derive a basic understanding and exploit the solutions towards
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constructing efficient and accurate numerical schemes for multi-dimensional flow situations which
involve shock-interface interactions. In this respect, the proposed path follows naturally from the
idea of Godunov (1959) and works of his followers (van Leer, 1979) over the past half century,
who have made use of exact and approximate solutions of the one-dimensional Riemann problem
for numerical scheme construction. This leads to a dimension-by-dimension treatment, which has
been, and remains, seemingly an inescapable approach for treating multi-dimensional problems,
with its recognized resolution requirements and potential pitfalls. In contrast, our vision here is
for direct tackling of the Riemann problem in a multi-dimensional setting, when a pressure dis-
continuity (shock plane) and a density discontinuity (e.g., interface) are not aligned. The idea is
to apply insights and knowledge about flow patterns emerged from highly resolved and specialized
calculations (such as the ones presented in this paper) to provide a better, physics-based treatment
of mass, momentum and energy fluxes in general purpose simulations.

This concern is particularly serious for slow–fast, gas–liquid interfaces, for which as Table 2
shows current knowledge is limited to just few experiments. Our experience suggests that for stiff
systems (high acoustic impedance mismatch), slow–fast interfaces are much less ‘‘forgiving’’, and
that at the root of this difficulty is the loss of self-similarity, as exhibited under conditions that
yield irregular refractions.

As indicated in Tables 1 and 2, in this paper we address all patterns found experimentally in the
comprehensive study of Abd-El-Fattah and Henderson for gas–gas systems, and all patterns
found experimentally by Takayama for the Very Weak sub-class of slow–fast, gas–liquid systems.
In addition we examine the fast–slow, liquid–gas system for which information can be obliquely
inferred from the numerical work of Grove and Menikoff (1990) made in the context of shock-
induced bubble collapse, and underwater explosion. The so-derived understanding, and scoping
calculations lead us to believe that in the slow–fast, gas–liquid system, further rich behavior exists
under weak, strong, and extremely strong shocking, a comprehensive consideration of which we
leave for future work.
2. Numerical approach

This work was made possible by the recently developed ‘‘Adaptive Characteristics-based Match-
ing’’ (aCBM) method (Nourgaliev et al., 2004c, 2005a). In the core of the aCBM is the Structured
Adaptive Mesh Refinement (SAMR) methodology, originally developed by Berger and co-
authors (Berger and Colella, 1989; Berger and Oliger, 1984; Berger and Rigoutsos, 1991), and
implemented as the SAMRAI package in Lawrence Livermore National Laboratory (Wissink
et al., 2004). SAMR is based on a sequence of nested, logically rectangular meshes, organized
in a hierarchy of k = 0, . . . ,L � 1 grid levels Xh0 � Xh1 � � � � � XhL�1 , where the coarsest grid
Xh0 covers the entire computational domain. Grids are refined in both time and space, with mesh
spacings hk = {h0, h1, . . . ,hk}jk=0,. . .,L� 1 subject to hk+1 6 hk, and using the same ratio r ¼ hk

hkþ1
for

refinement in time-space, i.e. Dt0h0
¼ Dt1

h1
¼ � � � ¼ DtL�1

hL�1
. Thus, the same explicit difference scheme is sta-

ble on all levels. As a consequence, more time steps are taken on the finer grids than on the coarser
grids, but the smallest time step of the finest level is not imposed globally.

Each level Xhk consists of a union of (Mk + 1) logically rectangular regions, or patches,
Gk;mjm¼0;...;Mk

, at the same grid resolution hk. The requirement on the numerical algorithm is that
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the solution, lying perhaps on multiple patches, is the same. The solution vector U(x) is taken
from the finest level. Fig. 6 shows an example of a hierarchy of SAMR grids with three levels
of adaptation. A sample of the typical SAMR mesh used in the present study is shown in Fig. 13c.

Time update of a solution on a hierarchy is organized in such a way, as to proceed sequentially
from the coarser to finer grids. More specifically, before updating at any level, the next-coarser
level solution must be already available, so as to allow the complete inter-level communications
needed for populating each patch�s ghost cells by interpolation in both time and space. For
parallelization, all patches of a hierarchy are distributed between different processors.

The Characteristics-based Matching (CBM) method on uniform meshes was introduced in
Nourgaliev et al. (2003, 2004a,b,c). There are three areas where incorporation of the CBM into
SAMR (aCBM) required further developments: inter-patch communication, generation/disposal
of patches, and time update on a patch (Nourgaliev et al., 2005a).

Inter-patch communication is necessary for synchronization of time updates on different patches.
More specifically, it is required to properly populate ghost cells around each patch, before one
may proceed with its update. There are three types of inter-patch communications: same-level,
coarse-to-fine and fine-to-coarse. The utilities for these operations are provided by SAMRAI, how-
ever, in the case of gas–liquid interfaces, the conservative coarse-to-fine and fine-to-coarse inter-
level communications fail and needed to be modified. The problem was addressed by means of
non-conservative prolongation/restriction operators for specific use in the immediate vicinity of
the interface.
Fig. 6. Sample hierarchy of SAMR meshes.
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The second need is related to adaptive generation/disposal of AMR patches on different levels of
a hierarchy. The SAMR grid may be modified at discrete times. The finest level needs to be chan-
ged most often (patches are moved, added or deleted, if required). When the level Xhk is changed,
all finer levels Xhj jj>k are changed as well, but the coarser levels Xhi ji<k may remain the same. The
utilities for dynamic management of AMR patches require tagging criteria for refinement. In the
case of compressible multi-phase flows, the computational mesh needs to be refined around flow
discontinuities, such as shocks and contacts, as well as around multi-material interfaces. For inter-
faces we use a distance-based criterium, and for shocks we have a shock-detection criterium that
leaves out rarefactions.

Lastly, the major components of our patch time update strategy include (a) the third-order-
accurate finite-difference method, using the RK3-TVD scheme for time discretization, the
MUSCL3 scheme (van Leer, 1979) with van Albada�s limiter for spatial discretization, and the
Local-Lax–Friedrichs (LLF) flux treatment (Nourgaliev et al., 2004b); (b) level-set-based sharp
capturing of interfaces, supplemented by localization (FLLS) (implemented by means of a Linear
WENO7 scheme) and WENO5-based re-initialization algorithms (Peng et al., 1999); and (c) the
‘‘characteristics-based matching (CBM)’’ for coupling solutions across the interface (Nourgaliev
et al., 2004b,c). High order discretization and the Linear WENO provide significant benefits in
mass conservation of the level set, especially in maintaining under-resolved filamentory structures
(Nourgaliev et al., 2005b). The key features of the CBM are (i) a Riemann-solver-based coupling,
which is essential for robustness in the case of high acoustic impedance mismatch (i.e., gas–liquid)
interfaces, and for accuracy in the case of very strong shock waves in both multi-gaseous and gas–
liquid media; and (ii) elimination of the need for ghost fields and corresponding ghost cells; this we
found to be necessary for compatibility with AMR. The CBM is based on the generation/track-
ing/disposal of the subcell-interface-markers (denoted as CBM points), which exist on each patch
only during one time step Dtk. Applying the two-fluid, pseudo-multi-dimensional Riemann solver
at CBM points, the wave structure and gas dynamics solutions at the interface are computed and
applied for direct modification of numerical fluxes in the Eulerian cells near the interface. This is
based on the subcell position of the interface and a flux inter-/extrapolation algorithm. The con-
cept of subcell markers and two-fluid Riemann solutions are borrowed from front-tracking meth-
ods (Cocchi and Saurel, 1997). The natural-neighbor interpolation (NNI) procedure is used to
correct the numerical solutions at Eulerian computational cells which have found themselves to
change fluid occupancy (based on cell center) during the time step. These cells are denoted here
as ‘‘degenerate’’ cells. The correction of numerical fluxes and treatment of ‘‘degenerate’’ cells
are the substitutes for GFM�s (Fedkiw et al., 1999) ghost fields/cells, and the related to them
PDE- or FM-based extrapolation techniques.
3. Problem formulation

Following previous studies (Henderson et al., 1991; Grove and Menikoff, 1990), the gas dynam-
ics is described using the two-dimensional Euler equations (Landau and Lifschitz, 1988) neglect-
ing surface tension, viscous and heat transport effects. Numerical simulations were performed
using a computational domain of size L · H, see Fig. 7. We set non-reflection boundary condi-
tions at the left, right and top boundaries of the domain, and a symmetry at a bottom boundary.



Fig. 7. Definitions used in the numerical simulations.
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The interface is specified as shown in Fig. 7, inclined on angle b, with a transition region of cur-
vature R ¼ H

10
near the lower boundary. Zero level set separates the computational domain on ‘‘po-

sitive’’ and ‘‘negative’’ fluids, both being initially motionless and under pre-shock pressure
conditions Ppre. Gases are modeled using the ideal-gas-law. Liquids are represented with a stiff-
ened gas equation of state (Nourgaliev et al., 2005a):
P ¼ ðc� 1Þqi� P 0; P 0 ¼ cP ð1Þ
Pre-shock densities are specified using isothermal conditions. For gas–gas interfaces, we set
them by q2 ¼ q1

l2
l1
, where q and l are density and molecular weight, correspondingly. An incident,

i-shock wave of a prescribed strength (characterized by the Msh for gases and/or pressure ratio
vi ¼

Ppre

Ppost
for liquids) is placed in Fluid-1, as depicted in Fig. 7. After impact upon the interface,

the i-shock is refracted. Numerical results are displayed as fields of pressure, numerical Schlieren
and Mach number. The numerical Schlieren fields are generated in the manner described by Quirk
and Karni (1996), with the following nonlinear shading function #:
# ¼ exp �j
rqj j

rqj jmax

� �
ð2Þ
The accentuation coefficients j chosen were problem-specific.
The computational domain is discretized with a grid resolution of Dx ¼ Dy ¼ H

50
on the coarsest

AMR level. Using 3 levels of AMR adaptation with refinement ratio 4, the effective resolution on
the finest AMR level was Dx ¼ Dy ¼ H

800
.
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4. Slow–fast, gas–gas interface

Here we simulate shock refraction at a CO2/CH4 interface, as utilized in the Abd-El-Fattah and
Henderson�s (1978b) experiments. The gases are represented by the following ratios of specific
heats and molecular weights: cCO2

¼ 1.288, cCH4
¼ 1.303, lCO2

¼ 44.01 and lCH4
¼ 16.04. Follow-

ing previous numerical studies (Henderson et al., 1991), the effects of the membrane used to sep-
arate initially the gases are neglected. Simulations were performed varying the angle of the attack
b for incident shock strengths corresponding to the Very Weak (Msh = 1.12 and vi = 0.78), Weak
(Msh = 1.34 and vi = 0.53), and Strong shock (Msh = 2.25 and vi = 0.18) sequences in the exper-
iments. Comparisons are made in two ways: (a) directly with experimental images, which are leg-
ible enough only in a followup (the simulation) paper (Henderson et al., 1991), and only for the
selected cases of FNR (Very Weak), TRR and TNR (Weak) and TMR (Strong), and (b) indi-
rectly, by using the definitions and maps of Abd-El-Fattah and Henderson (1978b) for all cases
shown in Table 1, since the experimental images are not of sufficient clarity in the original
publications.

All patterns in Table 1 for the Very Weak sequence were reproduced quantitatively in the
simulations. The following discussion of main trends is given with the help of the sample results
in Figs. 8 and 9, and a shock polar analysis based on the generalized von Neumann theory. For
angles of the attack below bi = 32.0592�, the pattern is regular and the reflected wave is an
expansion, Fig. 8a. With an increase of b, the reflected expansion wave becomes weaker. At
the angle of intromission bi, the reflection is reduced to a Mach line degeneracy. In a shock polar
diagram (Fig. 8b, right), this corresponds to the point where the incident shock, transmitted
shock and reflected shock/expansion polars intersect at one point. At these conditions, the inci-
dent shock wave is totally transmitted. With a further increase of b, the reflected wave becomes
a shock, Fig. 8c. In the range of bi < bsc, there are two solutions of the von Neumann�s
theory (known as weak and strong shocks) - corresponding to two possible deflection angles.
The weak solution, shown in Fig. 8c (right), was observed in the experiments. This is also
the solution which is obtained in our numerical simulations. At the shock critical angle
bsc = 34.4885�, weak and strong solutions collapse into one, Fig. 8d (right). With a further
increase of b, there are no solutions according to a shock polar analysis, and the refraction
pattern becomes irregular.

There are three irregular refraction patterns observed in the experiments as well as in our sim-
ulations. The first one, called Bound Precursor Refraction (BPR), is shown in Fig. 9a. In this pat-
tern, even though the transmitted, t-shock is always ahead of the i-shock, it moves along the
interface at nearly the same velocity. The major difference of the BPR from the RRR is in the
appearance of a fourth wave and the fact that the t-wave leans forward, instead of leaning-back-
wards, as seen in the RRR pattern (and as noted by Henderson et al., 1991).

As the angle b is further increased, the BPR pattern transforms into the Free Precursor Refrac-
tion (FPR), see Fig. 9b. In it the t-wave breaks loose from the i- and r-shocks, running signifi-
cantly ahead along the interface. It is also locally smeared out, transforming into a so-called
evanescent wave (Henderson et al., 1991), which is refracted back from the CH4 into the CO2

as a side, s-wave. This secondary refraction is of the fast–slow type. The s-wave is also evanescent.
There are no signs for reflection of the t-wave, which is consistent with the experiments and the
Henderson et al. (1991) simulations. Presumably, these reflected waves are too weak to be visible



Fig. 8. Regular refraction at slow–fast, gas–gas interfaces. Very Weak shock sequence (vi = 0.78). Left: numerical
Schlieren; center: log P; right: pressure–deflection (or shock-polar) diagram (PDD). Notation used in PDDs: IS—
incident shock polar; TS—transmitted shock polar; RS—reflected shock polar and RE—reflected expansion curve.
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in pressure contour plots. The s-wave interacts with the i-wave, modifying it into a k-wave, which
in turn is reflected as a centered expansion e-wave. The e-wave interacts with the reflected shock
r-wave, causing almost complete mutual annihilation.



Fig. 9. Irregular refraction at a slow–fast, gas–gas interface. Very Weak shock sequence (vi = 0.78).
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Under even higher angle b, the FPR undergoes a further transition to another pattern, called a
Free precursor von Neumann Refraction (FNR), shown in Fig. 9c. It is characterized by a forma-
tion of a weak Mach reflection, denoted in Fig. 9c as n-wave.

As discussed by Henderson et al. (1991), the transition from one pattern to another is sensitive
to the numerical treatment and grid resolution. Our simulations, performed with 2� increments of
b, indicate that the CBM interface boundary condition capturing, together with the AMR are
capable to accurately describe these transitions.

The Strong sequence in Table 1 was also reproduced quantitatively in the simulations. Now
there are only three patterns, a sampling of which can be seen in Fig. 10. In comparison to the
Very Weak sequence the RRR and FPR are absent, and the TMR is new. In contrast to the
FPR pattern of the Weak shock series, the t- and s-waves of the TMR are not evanescent



Fig. 10. (a–c) Refraction patterns at a slow–fast, gas–gas interface. Strong shock sequence (vi = 0.18). (d) On the left is
the Schlieren from the experiment.
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compressions. Interaction of the s-wave with the incident shock results in a formation of two
Mach reflection triplets, shown as s–r2–n and n–i–r1 systems in Fig. 10c. The reflected shock is
split into two waves, denoted as r1 and r2. There are two contact discontinuities, originated from
each of the Mach stems, shown as cd1 and cd2 in Fig. 10c. Notably, as the second contact passes
through the reflected expansion e-wave, it becomes unstable, due to the misalignment of pressure
and density gradients (Richtmyer–Meshkov instability). Direct comparison to the only legible



Fig. 11. Refraction patterns at a slow–fast, gas–gas (CO2/CH4) interface for the Weak shock sequence. On the left are
the Schlieren images from the experiment.
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experimental image, the TMR, for this sequence is given in Fig. 10d. Note that the second pre-
dicted contact, cd2, is not visible in the experiment, probably due to the poor quality of the image.

Similarly good simulations were obtained for the Weak sequence. As shown in Table 1, in com-
parison to the Very Weak case, we see the appearance of two new patterns, the TRR and the
TNR, shown in Fig. 11, which also includes a direct comparison with the experiments. These
two patterns can be conceptually described as a transition from the Very Weak shock�s FNR
to the Strong shock�s TMR patterns. More specifically, with the increase of the shock strength,
the back-transmitted s-wave (Fig. 9c) becomes strong enough to interfere with the incident shock,
forming a four-shock TRR pattern. Next, with further increase of the shock strength, the four-
shock is split into two Mach reflections, very similar to the TMR, but named as twin von Neu-
mann reflection TNR in the experimental paper (Abd-El-Fattah and Henderson, 1978b).

Fig. 12 presents wave deflection angles, obtained in our simulations, with comparison to those
from the experiment (Abd-El-Fattah and Henderson, 1978b). As one can see, there is excellent
agreement for deflections of interface di and reflected wave ar. Our transmitted shock angle at be-
gins to diverge from the experimental data at b � 30�, and the deviation reaches �20� at the upper
end of the range. A similar trend was found by Henderson et al. (1991), who ignored, as we did,
the gas interdiffusion (limited initial smearing of the interface) that was reportedly observed in the
experiments.

4.1. Grid convergence studies

The effect of grid resolution on capturing of regular refraction patterns is demonstrated in
Fig. 13. We use three grids, with 1, 2 and 3 levels of AMR adaptation, and refinement ratio 4,
corresponding to effective grid resolutions on the finest AMR level Dx ¼ H

50
; H

200
and H

800
,



Fig. 13. The effect of under-resolution for a regular refraction pattern. CO2/CH4 interface under vi = 0.78. Pressure
field (logP) and position of the interface for b = 33.27�.

Fig. 12. Comparison of numerical and experimental results for wave deflection angles in the refraction of a strong
vi = 0.18 plane shock wave at CO2/CH4 interface.
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respectively. A typical mesh with three levels of adaptation is shown in Fig. 13c. As one can see in
these results, for the regular, RRR pattern, the overall k-structure is captured well even on a coarse
grid. The reflected r-wave is properly predicted as a shock. The effect of the under-resolution is
Fig. 14. The effect of under-resolution for an irregular TMR refraction pattern. CO2/CH4 interface under vi = 0.18.
Density field and position of the interface for b = 66�.
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that the position of the r-wave is displaced from the refraction node, Fig. 13a. As the grid is
sequentially refined, the solution converges to a proper position of the r-wave, i.e., stemming from
the refraction node.

On the other hand, in the case of irregular refraction, such as the TMR shown in Fig. 14, the
effect of under-resolution is dramatic. Under the coarsest grid, Dx ¼ H

50
, the complex double-Mach

reflection structure is completely lost. Under the intermediate grid, Dx ¼ H
200
, the twin Mach reflec-

tions start to emerge, however, the grid resolution is still not adequate enough to capture the for-
mation of contact discontinuities cd1 and cd2, which can only be seen on the finest grid, Dx ¼ H

800
.

5. Fast–slow, gas–gas interface

This category is represented by the Air/SF6 experiments of Abd-El-Fattah and Henderson
(1978a) (see Table 1). The gases are modeled with the following ratios of specific heats and molec-
ular weights: cAir = 1.4, cSF6

¼ 1.08, lAir = 29.02 and lSF6
¼ 130.071. Three series of simulations

were carried out, corresponding to Very Weak (vi = 0.85), Weak (vi = 0.66), and Strong shock se-
quences (vi = 0.25). There are no previous simulations of these experiments, and the images avail-
able are not of a sufficient quality for direct comparisons. Resorting to indirect comparison, using
the definitions, and maps of Abd-El-Fattah and Henderson (1978a), we found the agreement to be
excellent over the whole spectrum of conditions and patterns (Table 1). As seen in this table, the
sequence of patterns in Weak, Strong and Stronger, are essentially the same, and so are they in
our simulations.

The Very Weak sequence consists of three patterns RRR ) RRE ) CFR(ARE), as illustrated
in Fig. 15. The Concave-Forwards Refraction (CFR) is an irregular pattern, with reflected expan-
Fig. 15. Sequence of refraction patterns at a fast–slow, gas–gas interface. Very Weak shock sequence (vi = 0.85).
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sion wave. The incident shock interacts with the reflected wave (marked as anomalous reflection,
Fig. 15c) and eventually it becomes curved. This can be more clearly seen in Fig. 19. This pattern
is analogous to anomalous reflection (ARE) of Grove and Menikoff (1990), which will be
discussed in Section 6.

The Weak sequence begins with a regular pattern, RRR, which, with increasing b, first trans-
forms into the Mach Reflection–Refraction (MRR) and then into the CFR already seen above.
Sample results are shown in Fig. 16. The MRR exists under a rather narrow range of incident
angles here; it is discussed under the Strong sequence in which it is more pronounced (this may
be the difference that lead Abd-El-Fattah and Henderson to keep the Weak and Strong (and
Stronger) sequences separate, in spite of their apparent similarity, as noted above). In difference
to the CFR of the Very Weak sequence, in this case the reflected wave is not expansion, but a
band of weak wavelets, which are remnants of disintegrated shock wave of the previous RRR
pattern.

Sample results of a Strong sequence are shown in Fig. 17. The Mach Reflection–Refraction
(MRR) pattern is now pronounced. It is characterized by the appearance of the Mach reflec-
tion, as a triplet of t–i–r waves, Fig. 17b. There is a contact discontinuity cd, which originates
from the Mach stem. Passing through the expansion e-wave, it becomes unstable due to a
misalignment of the pressure and density gradients (Richtmyer–Meshkov instability). It is very
similar to the cd2-instability in the TMR pattern of the slow–fast interface, discussed in conjunc-
tion with Fig. 10c. The generated vortices interact with the interface, making it unstable too.
The CFR pattern is similar to the ones found in the Very Weak and Weak sequences, discussed
above.

Clearly, for all cases of shock strength the fast–slow configuration is by far less rich in refrac-
tion patterns compared to the slow–fast category. This is because the transmitted wave is attached
to the interface, without any chance for back-refraction, which is one of the main reason for a
great variety of refraction patterns in the slow–fast configuration.
Fig. 16. Samples of refraction patterns at a fast–slow, gas–gas interface (RRR and CFR). Weak shock sequence
(vi = 0.66).



Fig. 17. Sequence of refraction patterns at a fast–slow, gas–gas interface. Strong shock sequence (vi = 0.25).
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6. The gas–liquid interface

Here we simulate the air–water interface in both the fast–slow and slow–fast configurations.
The air is modeled as a perfect gas with cAir = 1.4, and for the water we use stiffened gas equation

of state with
c
P

� �
¼ 4.4

6� 108

� �
and

2.8
3.036� 108

� �
for the high pressure (fast–slow) and low pres-

sure (slow–fast) cases, respectively. In the fast–slow case, relevant previous work is that of Grove
and Menikoff (1990) who considered shock-induced bubble collapse and underwater explosion
problems. Here the problem makes sense only in the case of Strong shocks (extremely low values
of v). In the slow–fast case, we compare to Takayama�s (1987) data that covered only a Very
Weak shock sequence.

6.1. Fast–slow configuration

A strong Msh = 1.72 incident shock, vi = 5.3 · 10�5 is placed in water, corresponding to the
following pre- and post-shock conditions:
Vpre-shock ¼

1� 105

1000

0

0

2
6664

3
7775 and Vpost-shock ¼

1.9� 109

1323.65

�681.58

0

2
6664

3
7775;
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where V is a vector of primitive variables, (P,q,u,v)T, in (Pa, kg/m3, m/s, m/s). As the refraction
patterns for this configuration are simple, there is no difficulty in capturing them on rather coarse
grids. Numerical simulations were performed using effective grid resolutions of Dx ¼ H

800
, so as to

better represent the Mach/pressure fields.
The computational results are shown in Fig. 18, as a sequence for different angles of the attack

b. For small b�s, the refraction pattern is regular and of the RRE-type. This is different from the
gas–gas configuration, where the reflected wave is an expansion only for the Very Weak case (see
Table 1). Represented in a shock polar diagram, the locus of states for an incident shock in a stiff
(liquid) media is very tall and narrow, compared to the shock polar for a transmitted shock wave
in a gas. Thus, the only way to connect these two is through a reflected expansion curve. Also note
that there is no possibility here for reflected shock (RRR), nor can we have the MRR found in
gas–gas systems (see Table 1). Rather as the angle of the attack is increased further, an irregular
refraction pattern is formed. This refraction is similar to the CFR which appears as the terminal
pattern for fast–slow, gas–gas interfaces as seen above. It is characterized by a forwards-concave
incident shock wave, which runs ahead of the transmitted wave. This type of refraction was seen
in calculation of shock-induced bubble collapse, and was named anomalous reflection (ARE) by
Grove and Menikoff (1990).

The flat interface configuration and high grid resolution used in the present study allows for the
more clear presentation of physical mechanisms involved in CFR(ARE). Under a regular refrac-
tion, Fig. 19a and b, the r-wave is a centered fan of Prandtl–Meyer expansion waves. The leading
edge of the r-wave is inclined on angle a relative to the incident shock, Fig. 19b. As the angle of
the attack b increases, the leading edge of the r-wave becomes more and more oblique relative to
the incident i-wave. At some b, the r-wave starts to run parallel to the i-wave, a! aa � 0. At this
moment, the causal relationship ‘‘incident wave V reflected wave’’ is violated, the problem
becomes non-hyperbolic, and the i-wave starts to interact with the reflected wave, ‘‘i-
wave () r-wave’’, which results in a mutual annihilation and formation of a compound (i, r)-
wave. The incident shock becomes weaker in a close neighborhood of the refraction node, and,
as a result, the speed of the refraction node, defined as intersection of (i, r)- and t-waves, is smaller
Fig. 18. Shock refraction at a fast–slow, water–air interface. vi = 5.3 · 10�5. Note the water jet beginning to form due
to the convergence of shock-induced flows, as predicted by Tulin et al. (1969).



Fig. 19. On physical mechanisms for CFR(ARE) pattern on a fast–slow, water–air interface.
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than the speed of the original incident shock i-wave. This causes a curving of the compound (i, r)-
wave and a formation of the Concave-Forwards Refraction (CFR) structure. Grove and Menikoff
(1990) offered similar explanation for the curving, however, their simulation results were not as
clear, especially for the transition RRE ) CFR, due to the curvature in the interface itself and
low grid resolution.
6.2. Slow–fast configuration

As in the experiments of Takayama (1987), an incident shock of the strength Msh = 1.47
is placed in the air. As we have seen in Section 4 this is the case of Very Weak shock in the
Abd-El-Fattah and Henderson�s classification.

Sample computational results are shown in Fig. 20 revealing the sequence RRR )
FPR) FNR. A key differences from the earlier-discussed, slow–fast refractions at gas–gas inter-
faces is that the post-transmitted state is subsonic and the BPR pattern is absent. Up to a certain
angle of attack, bcr � 36�, the combination of the transmitted t-pressure wave, incident i- and re-



Fig. 20. Shock refraction at a slow–fast, air–water interface. vi = 0.426. Top: numerical Schlieren, bottom: log10P .
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flected r-shock waves observed corresponds to regular refraction-point pattern (RRR-type) and
the transmitted shock leans backwards, relative to the interface, as shown in Fig. 21.

At higher b values, the refraction pattern becomes irregular. In a very narrow range around bcr,
the t-wave is a precursor and nearly orthogonal to the interface, which is similar to a BPR pattern
in a gas–gas, slow–fast interface. With a further increase of b, the t-wave gets ‘‘loose’’ and runs
away from a refraction point, which we define as the intersection of i- and r-waves. This corre-
sponds to the FPR pattern in a gas–gas interface configuration. With our grid resolution of
Dx ¼ H

800
, we could detect the transitions RRR ) FPR, within 1� of accuracy. The important fea-

ture of the FPR pattern is that the t-wave leans forwards. The precursor pressure wave is clearly
evanescent. The transmitted pressure wave is weak, and no back-refraction of this wave into the
air is possible (or observed).



Fig. 21. Details of transition from RRR to FPR for a slow–fast, air–water interface problem. Numerical Schlieren near
the critical angle of bcr � 37�.
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When the angle of the attack is further increased, a Mach reflection is formed, which can be
seen in Fig. 20 for b = 50� and 60�. This is very similar to the FNR pattern seen for gas–gas inter-
faces, except for the absence of any significant side wave, capable of interacting with the incident
shock.
7. Concluding remarks

Computational results for a slow–fast, gas–gas (CO2/CH4) interface reveal eight different
refraction patterns, consistent with the von Neumann�s theory for regular refraction, and Abd-
El-Fattah and Henderson�s experimental data that systematically covered the whole range of
shock strengths and angles of attack. Numerical simulations of shock refraction at fast–slow,
gas–gas interfaces, performed for the first time here, exhibit the existence of four basic patterns,
i.e., RRR, RRE, MRR and CFR, as observed in the experiments for an air-SF6 interface by Abd-
El-Fattah and Henderson (1978a).

Simulations for the liquid–gas, fast–slow interface, carried out for the first time here for a pla-
nar interface, under strong shock conditions, exhibit only two refraction patterns, a regular one,
RRE, and an irregular one, CFR(ARE). The RRR and MRR patterns found in gas–gas systems
are missing; that is, the reflected wave in liquid–gas systems is always an expansion.

Simulations for the gas–liquid, slow–fast interface, carried out for the first time here, covered
the Very Weak incident shock case, as considered in Takayama�s experiments, and results are
in excellent agreement with these data. The three patterns found, RRR, FPR, and FNR, are sim-
ilar to those for gas–gas systems for the Very Weak case, but there are some differences, such as a
weak transmitted subsonic pressure wave instead of supersonic transmitted shock waves in a gas–
gas systems, and details of the flow structures in the Free von Neumann precursor Refraction.
Scoping calculations (not presented here) indicate that as the shock strength increases, additional,
complex patterns, not found in gas–gas systems appear, and these will be addressed in future
work.
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‘‘Simple’’ patterns are spatially self-similar, so that the basic structure can readily be captured
on a rather coarse grid. For such simple patterns, convergence with grid resolution is monotonic,
that is no new patterns appear. On the other hand, simulations and analysis show that as the inter-
action angle increases, complexity emerges in the form of increasingly intricate irregular patterns.
An example of a mildly irregular pattern is the CFR, which occurs when the interaction outcome
(such as a reflected expansion) interferes with the incident shock, complicating the causal relation-
ship between the cause (shock) and the effect (reflected wave). The non-linearity is manifested
strongly in other irregular patterns (e.g., FPR, FNR, TMR, etc.), through a non-local behavior
with distinct changes in patterns as one moves outwards from the ‘‘origin’’ (i.e., shock-interface
interaction point). We showed that such irregular patterns cannot be captured in simulations
on a coarse grid. Things become even more complex for irregular patterns whose structures evolve
dynamically in time, necessitating the use of a time scaling in characterizing the pattern structure.

Interestingly, for gas–liquid interfaces, we observe that the pattern in the fast–slow configura-
tion (i.e., shock-induced bubble collapse) remains essentially regular all the way up to high inci-
dent angles, even under extremely strong shock conditions. This is to be contrasted with highly
irregular patterns, including the run-away precursor shock, which emerge even for relatively
low angles (between 30� and 40�) at a slow–fast, gas–liquid interface (i.e., liquid drop subjected
to a gaseous shock). We suggest that this difference is the essential cause for the ease and
challenge, correspondingly, of numerical simulation involving these two configurations.

Finally, we would like to recall that all computations presented here are performed using
dimension-by-dimension treatment of numerical fluxes. With sufficiently high grid resolution, this
approach seems to be adequate to describe all refraction patterns at well-developed pattern stages.
In many simulations of practical situations however, the patterns are either under-resolved (espe-
cially for non-local behaviors discussed above) or under-developed. In these cases, it is important
to reflect non-local and dynamic behaviors of the shocked interface directly in the construction of
numerical fluxes. The approach being pursued by the present authors is to make use of well-re-
solved irregular patterns computed by the aCBM method to construct sub-grid-scale models
which can guide a proper (multi-dimensional) construction of numerical fluxes, improving perfor-
mance for under-resolved and under-developed flow structures.
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